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1. Let p be a prime and let K be a field of characteristic p. Define a map FrK : K −→ K by
FrK(a) = ap. It is called Frobenius.

(a) Prove that Frk = idK if and only if K = Fp.

(b) Prove that FrK is a field homomorphism.

(c) Suppose that K is finite. Prove that FrK is surjective.

(d) Give an example of a field K where FrK is not surjective.

(a) =⇒ : Frk = idk then FrK(a) = ap = a ∀a ∈ K. Consider f(x) = xp − x, every element
in K is a solution to this equation, and since deg(f(x)) = p there are at most p solutions
in K, then |K| = p so K = Fp.
⇐=: K = Fp, then ∀a ∈ K, FrK(a) = ap = a thus Frk = idK .

(b) Field hom: FrK(1) = 1, F rK(0) = 0 and for any a, b ∈ K, FrK(a + b) = (a + b)p =
ap + bp = FrK(a) + FrK(b) because K has characteristic p, and FrK(ab) = (ab)p =
apbp = FrK(a)FrK(b) so FrK is a field homomorphism.

(c) K is finite, FrK is a field homomorphism so it is injective, then |FrK(K)| = |K| so FrK
is surjective.

(d) Fp[x], ∄a ∈ Fp[x] : Frk(a) = x.

2. Let f ∈ K[x] be an irreducible inseparable polynomial. In class, we proved that this implies
that f ′ = 0.

(a) Prove that there exists a prime p such that K has characteristic p and another polynomial
g ∈ K[x] such that f(x) = g(xp).

(b) Suppose that FrK is surjective. Prove that no such f can exist.

(a) Since f(x) ∈ K[x] is irreducible and inseparable, K must have positive characteristic p
such that p is prime. Since f ′(x) = 0 we have f(x) = g(xp) (or f(x) is a constant and
then f(x) = f(xp)) for some g(x) ∈ K[x] because then g′(x) = 0 = f ′(x).
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(b) Assume FrK is surjective, then for all b ∈ K, ∃a ∈ K such that Frk(a) = ap = b, so
for any irreducible inseparable polynomial f(x) ∈ K[x], from a) there is a polynomial
g(x) ∈ K[x] such that f(x) = g(xp) but then f(a) ̸= g(b) = g(ap), so no such f can exist.

3. A field K is called perfect if every irreducible polynomial in K[x] is separable.

(a) Prove that every field of characteristic 0 is perfect. (Just repeat the argument form class.)

(b) Prove that a field K of characteristic p is perfect if and only if FrK is surjective.

(a) We know that if F has characteristic 0 then every irreducible polynomial in K[x] is
separable, and thus K is perfect.

(b) Let K be a perfect field. Let α ∈ F , any field extension of K such that f(x) ∈ K[x] is the
minimal polynomial of α, then f(x) can be factored into distinct linear factors in F [x]...

4. A field K is called algebraically closed if every polynomial f ∈ K[x] has a root in K.

(a) Assume that K is algebraically closed. Prove that if F/K is an algebraic extension, then
F = K.

(b) Suppose that F/K is an algebraic extension and every polynomial in K[x] splits in F .
Prove that F is algebraically closed.

(a) Every polynomial f(x) ∈ K[x] has a root in K, and F/K is an algebraic extension, so
every element of c ∈ F is algebraic over K, then ∃p(x) ∈ K[x] : p(c) = 0, and we can
assume p(x) = mc(x), so c ∈ K and thus F = K.

(b) Every element of c ∈ F is algebraic over K, i.e. ∃p(x) ∈ K[x] : p(c) = 0 and every
polynomial k(x) ∈ K[x] can be factored into linear factors in F [x] (all of the roots of
k(x) lie in F ). Let f(x) ∈ F [x] \ K[x] be an arbitrary polynomial, then there exists
k(x) ∈ K[x] such that f(x)|k(x) i.e. f(x) is a factor of k(x), and all of the roots of k(x)
lie in F , thus all of the roots of f(x) must also lie in F , so F is algebraically closed.

5. Let F/K be a normal extension. Let L be another field containing F (so we have K ⊆ F ⊆ L).
Let ϕ : L −→ L be an automorphism such that ϕ|K = idK . Then ϕ(F ) = F .
Let f(x) = a0+a1x+· · ·+anx

n ∈ K[x], then ϕ(f(x)) = a0+a1ϕ(x)+· · ·+anϕ(x)
n = f(ϕ(x)).

First show F ⊆ ϕ(F ): let a ∈ F and let b ∈ L such that ϕ(b) = a. Then let f(x) ∈ K[x] be
such that f(a) = 0, ϕ(f(b)) = f(ϕ(b)) = f(a) = 0, so b must be a root of f(x), and since
F/K is a normal extension, all of the roots of f(x) must be in F , thus b ∈ F . And since
ϕ(b) = a ∈ ϕ(F ), F ⊆ ϕ(F ).
ϕ(F ) ⊆ F : Let a ∈ F, ϕ(a) = b ∈ L, then consider f(x) ∈ K[x] such that f(a) = 0, then
ϕ(f(a)) = f(ϕ(a)) = f(b) = 0, thus b ∈ F and ϕ(F ) ∈ F .

6. Let F/L and L/K be field extensions. Prove or give a counterexample:

(a) If F/K is normal, then F/L is normal.

(b) If F/K is normal, then L/K is normal.

(c) If F/L and L/K are normal, then F/K is normal.
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(a) Let p(x) ∈ L[x] be irreducible and let α ∈ F be a root of p(x). Let f(x) be the minimal
polynomial of α over K, then p(x)|f(x) and f(x) splits over F , thus p(x) splits over F
so F/L is normal.

(b) Consider K = Q ⊂ L = Q( 4
√
2) ⊂ F = Q( 4

√
2, i), then F/K is normal because F is the

splitting field of f(x) = x4 − 2 ∈ K[x], but L/K is not normal because L has two roots
of f(x), ± 4

√
2, but it does not contain all of the roots, thus f(x) does not split over L.

(c) Let f(x) ∈ K[x] ⊆ L[x] such that f(c) = 0 for some c ∈ L ⊆ F , then f(x) splits over
L ⊆ F , then f(x) splits over F . Now consider f(c) = 0 for c ∈ F \ L, then since
f(x) ∈ L[x], f(x) splits over F so F/K is a normal extension.
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